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This paper consists of two parts. In the first part, a review of the authors’ recent work is given. This concerns a 
study of the mechanics of thin membranes, under internal pressure, which are composed of elastically 
dissimilar straight cylindrical tubes joined end-to-end longitudinally. Both static pressure fields and pressure 
fields arising from fluid flow through the tube are considered, and stresses at the joints can be calculated. In 
the case of fluid jlow, a coupled fluid/ elastic problem arises. It is hoped that the work will ultimately aid the 
design of arterial grafts. The case of p&utile frow is considered using the fluid solution for harmonic waves 
following that of Womersley. The membrane solutions are derived either from the equations formulated in 
Green and Adkins for finite deformations or from a linearized version of these equations. In the second part, a 
short study is made of waue propagation in initially deformed thin elastic tubes containing inviscid j7ow. 
Applying the long wavelength approximation, we predict analytically that for any frequency if the tube is 
predeformed, there are values of the principal stretches for which the wave will not propagate, in addition to 
wave cut-off frequencies shown by Rubinow and Keller. This analytic procedure is much simpler than the 
corresponding numerical calculation for viscous fluid, and the results, at least for the cut-off frequencies, are 
very similar. 
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1. Introduction The intrinsic difficulty of determining mechanical 
Many papers have appeared on the subject of wave propa- 
gation in fluids flowing through a distensible tube. These 
begin with the work of Thomas Young’ in 1808, who first 
realized the significant effect the distensibility of the tube 
must have on the motion and gave a formula for the 
velocity of the pressure wave. Then, following the mathe- 
matical work of Witzig* in 1914, the more recent analyti- 
cal solutions depend largely on the papers of Womersley3’4 
and Morgan and Kiely’ in the 1950s. Thorough review 
papers by Skalak,6 Noordergraaf,7 and Cox8 up to the end 
of the 1960s are available, and discussions of the validity 
of Womersley’s theory are to be found in Nichols et aL9 
Fry and Greenfield,” and Rudinger.” The monograph of 
Pedley ” is also basic to this field. More recently the 
books of Fung’3-‘s provide detailed overviews of current 
research in this area. Comparison of a number of linearized 
models for pulse waves together with the basic assump- 
tions made for each model are given in tabular form by 
Cox’ and Fung.13 
stresses experimentally at a junction of a natural artery and 
an artificial graft continues to motivate much theoretical 
and experimental work. Whereas the earlier papers gener- 
ally used linear elastic models for the tube wall, more 
recent work has tended to feature nonlinear elastic theory, 
which in the context of pulsatile flow translates into the 
study of small deformations superposed on finite deforma- 
tions of the tube wall, which simulate the considerable 
initial strains of natural artery in vivo. The work of 
Demiray I6 for example shows this feature. 
The question of tethering and longitudinal motion of 
incompressible tubes was considered afresh by Gerrard” 
in 1985 in a paper involving both theory and experiment, 
and the work of the present authors is largely concerned 
with untethered motion of elastic tubes of dissimilar mate- 
rial joined longitudinally. This may be justified both for 
academic reasons and since artificial arterial grafts are 
likely to be untethered, at least initially. 
It is the purpose of this paper to review the content of 
nine recent papers of the authors1s-26 in Section 2, and in 
Section 3 to give an account of a wave cutoff phenomenon 
due to prestress in an elastic tube carrying fluid. In this 
case the fluid is inviscid but the case can be considered 
analytically as a limiting case, in contrast with the more 
realistic application to a viscous fluid also considered in 
our last quoted paper.26 An analytic approach is not possi- 
ble in the latter case and numerical analysis must be used. 
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2. Summary of the authors’ recent work 
The basic problem is that of understanding the mechanics 
of a coupled fluid/elastic system involving pulsatile fluid 
flow in a distensible tube initially in the form of a right 
circular cylinder. In order to allow for artificial implants, 
we suppose that the elastic properties of the tube are 
piecewise homogeneous but can change discontinuously at 
various cross-sections. We advance from static equilibrium 
models to dynamic models involving pulsatile flow. In all 
cases the tube is supposed to consist of a thin membrane. 
We commenced our study18 with a much simplified mem- 
brane model (due to Green and Adkins27) by assuming that 
the tube is a membrane capable of sustaining only tangen- 
tial tensions. The material is supposedly isotropic, elastic, 
and incompressible. Another important simplification is 
the assumption of a uniform internal pressure field P 
inflating the membrane which is also supposed to be 
extended longitudinally. It is supposed that a point on the 
membrane initially given by cylindrical polar coordinates 
(R, @, Z> is finitely deformed to position (r, @, z). The 
equations of equilibrium in which the membrane assumes 
an axially symmetric deformation are 
KITI + K2T2 = P ;w = T2 (1) 
Here T,, T2 are the stress resultants in the directions of the 
tangents to the meridian curves and the curves of latitude, 
respectively, and K~, ~~ are the corresponding principal 
curvatures of the membrane. The principal stretches are A, 
in the meridian direction and h2( = r/R) in the circumfer- 
ential direction. Assuming the existence of a strain energy 
function W( A,, A, ), the stress resultants can be derived as 
follows: 
Tl =HA;‘; T, = HA, ’ ; (2) 
1 2 
where H is initial thickness of the membrane. The integral 
of Pipkin, which is available only for initial shapes in the 
form of right circular cylinders, is 
dW 
W-Alah=A 
1 
(3) 
where A is constant. This then enables A, to be found in 
terms of A, when the form of W is given. 
Assuming for example the Mooney model for W, the 
problem of a composite cylinder made up of two different 
Mooney semi-infinite cylinders joined longitudinally at a 
cross-section can be solved by applying the conditions of 
continuity of radius and of longitudinal tension Tl at the 
joint. Then, without much difficulty, the problem of a 
cylindrical cuff of a different material interposed between 
two semi-infinite cylinders can also be solved analytically. 
In each of the above cases an initial longitudinal tension 
can be applied. 
One interesting finding of the above analysis is the 
discontinuity of the circumferential tension T2 at the joint 
between dissimilar materials. This matter is taken up in, a 
second similar paper l9 which used a more realistic or- 
thotropic elastic model based on the strain energy func- 
tions of Vaishnavz9 and How and Clarke,30 derived to 
model natural artery and artificial implants, respectively. It 
is indicated how the magnitude of the discontinuity of T2 
can be reduced by suitable variation of the strain energy 
function for the artificial implant. In each of the above 
papers the shape of the deformed tube shows a constriction 
or stenosis at the joint where the material properties change. 
In this region the radius of the composite tube changes 
quite rapidly from one uniform value to another. 
In a third paper2’ we use a simplified one-dimensional 
model to describe the steady flow of a perfect fluid within 
an elastic tube. The continuity condition for the fluid is 
then 
7i-r2V= 77r,‘V, (4) 
where V is the axial fluid velocity, and the subscript L 
refers to known end conditions. Instead of the uniform 
internal pressure field P of the previous papers, the pres- 
sure is now determined from Bernoulli’s law for fluid of 
density p: 
P+$v’=P,+$v: (5) 
Combining this with (4) yields the pressure in terms of the 
radius, or equivalently A,: 
P=P, + $‘;[I - (A2L/A2)4] 
where AzL = t-,/R. Then applying the continuity condi- 
tions at a joint of membranes it is possible to solve the 
coupled fluid/elastic problem for combinations of semi- 
infinite cylinders and finite cuffs of different material. 
The fluid considered in the next paper2’ is endowed 
with viscosity, and the Newtonian incompressible model is 
used, thus restricting possible applications to blood vessels 
of large diameter. The equations of equilibrium (1) for the 
membrane are now replaced by 
T2 sin cp-cos (p-&(rTl) =rr 
cos cp d2r 
T2- - 
r 
cos3qdzz Tl = P (7) 
where cp is the angle between the z-axis and the tangent to 
the generating meridian curve of the membrane. Also r is 
the tangential drag force per unit area of the interior 
surface of the membrane. Steady flow is a 
The work of Forrester and Young3’33 # 
ain assumed. 
was used, in 
which the axial velocity of the viscous fluid flowing in a 
convergent/divergent constricted pipe is approximated by 
a fourth-order polynomial in distance from the tube wall. 
Then the wall shear r was calculated using this velocity 
distribution, which has a limited range of applicability as 
regards the divergent part of the tube flow due to the 
possibility of flow separation. 
The equations (7) were replaced by four first-order 
nonlinear equations, and numerical solutions were obtained 
for given values of pressure and initial stretch ratios of the 
tube up to a Reynolds number of about 105. No reverse 
flow occurs up to this limit along the axis of the tube. 
Apart from numerical results for stretches and tensions, 
estimates were made of values of initial stretches for 
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which bifurcated solutions may occur which would result 
in a wave-like pattern of deformation of the tube. Due to 
the relatively simple flow approximation, these results are 
valid for short tubes only up to about 10 radii in length. 
The study then took a different direction in that the flow 
was henceforth supposed to be driven by a pulsatile pres- 
sure. The theory of small amplitude oscillatory distur- 
bances superposed on large initial stretches of joined dis- 
similar tubes was first employed by us” to obtain two 
linear equations for the tube component displacements 
W,,W, with complicated variable coefficients, the compli- 
cation being due to the constriction noted in the static case 
previously of varying radius of the tubes in the initial 
stressed state. These equations can be simplified consider- 
ably for the case of slightly tapered tubes. Then we found 
that the amplitude of the flow rate for viscous fluid 
decreases along a convergent tapered tube, which is also 
true for a tapered tube with inviscid fluid and for a 
uniform tube with viscous fluid; but the amplitude of the 
pressure wave may increase or decrease depending on the 
tapering and viscosity. This is verified by the fact that the 
tapering tends to amplify the pressure waves in inviscid 
fluid” and the viscosity tends to attenuate the pressure 
waves in a uniform tube. 
Reverting to tubes of uniform radius in our next paper,23 
analytic solutions of the form f(l) exp[io(t - z/c)] were 
obtained for the case of zero initial stretch and a small 
variation of radius along the tube. The reflection and 
transmission of waves at the joint of two dissimilar unteth- 
ered semi-infinite tubes joined longitudinally were studied, 
the theory for the fluid motion being dependent on Wom- 
ersley’s334 work. 
This latter work employs a long wavelength theory in 
which the radius of the tube is supposed to be much 
smaller than the wavelength of the pulse of velocity or 
pressure, and from a dispersion equation which follows 
partly from the matching of the motion of fluid and tube, it 
appears that two waves can propagate. The slower or 
Young wave can be identified with the pressure or pulse 
wave, and the faster or Lamb wave has been observed 
experimentally 33 much less frequently and not at all in 
vivo, no doubt due to the tethering of arteries to surround- 
ing tissue. 
In contrast to previous work, our work attempts to take 
into account not only the continuity conditions in the fluid 
but also the continuity conditions in the tube material. The 
motion in two semi-infinite joined dissimilar tubes of 
various materials29330,34 was studied together with energy 
flow. Certain results are comparable to the experimental 
results of Gerrard.” In order to provide more exact detail 
of the pulsatile work, it is appropriate to outline the 
equations used by ~8.~’ 
In this case the equations for the motion of 
material are 
the tube 
(8) 
a2wz a2wz 
PohORO-$- -Ro P11 az2 
+(T,-~lo-1312,~ 
= -RoP[;+:]R0_h,/2 (9) 
Here po, ho, and R, are the density, thickness, and the 
mean radius of the tube in the initially deformed state 
before the disturbances are created; W, and W, are the 
disturbances in the axial and radial directions of the tube; 
T,, and Tzo are initial (small in paperz3) longitudinal and 
circumferential tensions in the initially deformed state; and 
pij (i, j = 1, 2) are the elastic constants in the initially 
deformed state of the tube. Also p is the dynamic pressure 
in fluid, V,, V, are axial and radial velocity components of 
fluid, respectively, and CL is the viscosity coefficient of the 
fluid. 
The equations for the fluid motion are those of Navier 
and Stokes for the linearized case, since the disturbances 
are small, together with the equation of continuity 
av, 1 aP a2v, _--__-._-+~ - I av, a2y v, 
at P ar i ar2 +rar+--- az2 r2 1 
av, 1 aP a2vz ---+V - 
i 
i av, a2vz 
dt=-p az ar2 +rar+- aZ2 i 
(10) 
(11) 
where u(= p/p) is the kinematic viscosity. 
The interaction conditions at the fluid/solid interface 
are 
aw aw- 
V 
r 
riR,-h,/2 = --$- V rlR,-h,/Z = - at’ (12) 
It is noted that the elastic constants pij (i, j = 1, 2) 
relate tensions and strains created by the disturbances by 
and are calculated with 
PI2 = 
PZl = 
4 4 ~2 
1- (Tao, 
&ho o1 
( a2w =ff -- ah, ah, 
(13) 
pz2 = E2ho 
1 - u2u1 (J 
i aw -- \ 
A2 a4 1, 
i aw\ (14) 
-- 
4 aA2 I 0 
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The subscript 0 means that the expressions are evaluated in 
the initially deformed state. The coefficients E,, E,, (TV, 
and (TV are introduced for later comparisons and are 
functions of the initial stress. They are not the incremental 
Youn 
4% 
‘s and Poisson’s moduli unless the initial stress is 
zero. For an incompressible material, the following rela- 
tion holds 
Equation (8)-(12) were then satisfied by solutions of 
the form 
Xexp[iw(t-z/c)] (16) 
where A,, A, are constants and fi(r) (i = 1, 2, 3) can be 
expressed in terms of Bessel functions, and two further 
constants A, and A, as shown by Womersley. This 
solution is for a right-going wave; a similar solution is 
available for a left-going wave by changing the sign in the 
exponential term. 
On substituting from equation (16) into equations (8)- 
(12), a set of four homogeneous linear equations for the 
constants A, (i = l-4) are found. The coefficient determi- 
nant must vanish for a nontrivial solution, and this yields 
the dispersion equation. This yields two values of the 
phase velocity c for each frequency w. The wave ampli- 
tude ratios A /A, ( j = 2, 3, 4) can then also be deter- 
mined and estimates made for the transmission and reflec- 
tion of waves at a change of material. For example, the 
experimentally determined strain energy functions of 
Vaishnav 29 and Kasyanov34 were used to model natural 
arteries, and the function derived by How and Clarke3’ for 
polyurethane was used for artificial grafts. In the examples 
given in our paper, 23 the prestress of the composite tube 
was taken to be zero. As a consequence the circumferential 
tension T, suffers no discontinuity at a joint of dissimilar 
materials by contrast to the static situation discussed ear- 
lier.” 
In our seventh paper,24 another example of reflection 
and transmission of waves is considered. Here at the joint 
of two dissimilar semi-infinite tubes the initially deformed 
radius of the tubes changes discontinuously. (This is envis- 
aged as a surgical precedure by for example Paasche et 
a1.3s) Not surprisingly, due to the initial tensions applied to 
the tube before the wave passes, the circumferential ten- 
sion T is discontinuous at the joint. In both of these 
‘3,24 papers, there are six mechanical conditions of continu- 
ity at a joint. Since two waves are superposed for each 
tube, two reflected and two transmitted waves are pro- 
duced by each joint. Four unknown amplitudes are deter- 
mined from four dominant continuity conditions-de- 
termined to be most significant from a numerical study of 
conditions in the tubes. 
It is interesting additionally to study the effect of initial 
stretches on the wave speeds in a single orthotropic hyper- 
elastic tube containing fluid flow and to compare the 
results obtained on the one hand by Womersley’s theory 
which involves two independent space variables r and z, 
and is a linear theory, with the predictions of the character- 
istic theory, which is essentially a one-dimensional space 
theory although nonlinear. This is done in our eighth 
paper,” where a misconception of Atabek and Lew36 is 
also corrected. The latter authors gave results for the ratio 
of wave speeds c/c,, co being the Moens-Korteweg 
speed, without noticing that co depends on the initial 
stresses in the tube. The Poisson ratio effect is also noted. 
Finally, in our ninth paper26 and Section 3 of the present 
paper, the effect of initial stresses producing a disappear- 
ance of waves is investigated. In the present paper, the 
limiting case of an inviscid fluid is considered (where the 
pressure or slow wave disappears in a certain limit) which 
admits of an analytic treatment, whereas in the ninth 
paper, 26 the viscosity of the fluid is allowed with similar 
results but accessible only through a numerical approach. 
Also in each case, regions in the initial stretch plane 
(A,, h2) are indicated where a bifurcated form of solution 
is possible. The theory predicts the possibility of calculat- 
ing the prestress state in the tube from observation of the 
wave speeds, which may have practical implications. 
3. Wave cut-off initial deformations of an elastic tube 
containing inviscid fluid 
In the case of viscous fluid in an elastic tube, the disper- 
sion equation is in complex form and the roots are com- 
plex. Physically this implies that the waves attenuate. If 
the fluid is inviscid, then the waves do not attenuate and 
the roots of the dispersion equation must be real. The 
dispersion equation is a quadratic involving the square of 
the wave velocity, so there is a question as to whether the 
wave velocities are indeed real or a criterion exists for the 
velocities to be real. 
The two wave velocities found before for nonprede- 
formed tubes containing inviscid fluids with Womersley’s 
theory are real (e.g., Atabek and LOWER). Rubinow and 
Keller37x38 extended the theory to general wavelength and 
found that there are two tube wave modes and the others 
are acoustic modes. In addition, they found that one tube 
wave velocity is always real but the other becomes imagi- 
nary if the frequency is greater than a cut-off limit. Thus 
the corresponding wave does not propagate. The cut-off 
frequency is inversely proportional to the radius of the 
tube. If the tube radius is small, such as in arteries, then 
the cut-off frequency is very high and this can well exceed 
the range found in biological systems. 
In this section we extend previous work on the inviscid 
fluid to the case of predeformed elastic tubes. We apply 
the long wavelength approximation to predict the existence 
of cut-off pre-deformation states, besides the cut-off fre- 
quency state, beyond which only one wave can travel. 
When the fluid is inviscid, the governing equations 
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(8)~(12) for the motion of tube and fluid are simplified as 
follows 
+(~22-T*o)~+~~-p=0 
Ri 0 
a*w, a2w, 
PohoRo~ -Ro Plcp 
(17) 
aw, 
+(T,,-T,,-&*)~=0 (18) 
dV’_ 
i ap av, 1 aP -- 
at - - p ar 
_=--_ 
at P az 
(19) 
:G(rVr)+z=O (20) 
Y,R,-h&2 = z (21) 
The solutions to equations (17) and (18) are of form 
(16), while the solutions to equations (19) and (20) of form 
(16) are 
p=AJo 
i. i 
:r exp[iw(t-z/c)] 
Vr=AbJ, Tr exp[io(t-z/c)] 
i. 1 
(22) 
Vz=A&Jo yr exp[iw(t--z/c)] 
i’ i 
with Jo and J, being the zeroth and first-order Bessel 
functions of the first kind, and A a constant. 
Then the governing equations for the tube (17), (18) 
and the interaction condition (21) yield the following 
homogeneous equations for A, A,, and A, 
AJo( PO> +4 
6.1~ T20 P22 
Pohow2 - TIO~ + 2 - 3 
0 0 
+A$+ 
0 
-A+,, +A,o’R,( poh, - $) = 0 (23) 
A$Jl( PO) -A,io = 0 
PO = ;Ro (24) 
Here we have neglected ho/2 compared with R, since the 
tube is thin. 
For nontrivial solutions for A, A,, and A, to exist, the 
determinant of the coefficients in (23) must vanish. This 
yields a dispersion equation between the velocity c and the 
angular frequency w of the wave propagation. To simplify 
this equation we assume that the wavelength is much 
greater than the radius of the tube, i.e., 1 wR,/c 1 = 1 PO ( 
-=x 1. Then Tlo(oR /c)* -=x T20 - p2*, so we can neglect 
the term T,,(w/c) $ in the first equation. We can also 
make the approximations 
Jo( PO) = I J,( PO) = PO/2 (25) 
After some manipulation, we have 
1 ( p&o u2R2 -I- T o 20 - &2)/R: 
0 -iP,,/c 
Ro/(2c%) -1 
iP21/(CRo) 
(Poho - P,,/C2)Ro = o 
0 
(26) 
Expanding the determinant and rearranging, we obtain 
24 pR,c’)’ 
+ [(T20 - P22 + Pohoo*Ri)m - Wu] ~Roc’ 
- P,: - (T2, - P22 + Pohow*Ri)P,, =O (27) 
with 
m = poho/( pRo) 
The roots of the quadratic are 
(28) 
pR,c+ = 
2P,, - fim*{DP,, - Rm]* + 8m[ PI, + RP,,]}“’ 
4m 
(29) 
2/&, - L!m + ([2&, + Rm12 + 8mj3-jl}1’2 
zzz 
4m 
(30) 
with 
a= T,, - p2* + poho u2R:, (31) 
After finding c, we can obtain, with the long wave- 
length approximation, 
4/A = 4,/(2pc2) 
4/A = iP2r/[2pwc( PO~OC~ - PI,)] 
It follows that 
(32) 
@Ro /%I- pohoc* 
AJA, = i- 
P 
(33) 
C 21 
From equation (33) we can see that: 6) for the long 
wavelength approximation (wR,/c -K l), 1 A, 1 -=K I-4,(, 
that is, the axial displacement component still dominates, 
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as in the case of viscous fluid; (ii) if the velocity c is real 
(positive) then 
oRo &- pohoc’ w, = - 
C P 
W, exp( in-/2) (34) 
21 
implying that there is a constant phase difference (r/2) 
between the radial and axial displacement. These features 
can also be seen in Rubinow and Keller’s37 paper. 
Now we investigate the frequencies and initial deforma- 
tions for which a wave will disappear. We have the 
solutions of the form 
p=p* exp[iw(t-z/c)] (35) 
If c is real and positive, then 
p=p*(cos[o(t-z/c)] +i sin[,(t-z/c)]) 
Either the real or the imaginary part represents a wave 
propagating forward along the z-axis without attenuation. 
If c is real and negative, then the wave propagates back- 
ward. If c = 0, then the solution of the form does not exist 
mathematically or p l must vanish. This means that there 
is no propagating wave. If c = ic, with c0 > 0, then 
p =p* exp[ iwt - zw/c,)] 
=p* exp( -zw/cO) [cos( wt) + i sin( wt)] 
(36) 
This implies that the wave does not propagate, i.e., we 
have a standing wave with amplitude attenuating along the 
z-axis. 
It follows from equation (30) that both c: are real. But 
whether they are positive to yield real c* or not depends 
on the sign of 
F = P,: + J&%1 (37) 
IfF~0,then~n-_P~1/j3,,<O(since~,,>0)and 
G=2&,-nm>o 
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Figure 1. Bifurcation region and wave cut-off region (marked 
with +) in A,, A,, plane for a natural artery Waishnav material). 
The two regions are not distinguishable. The rectangle marks 
the most relevant region for the arterial application. 
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Figure 2. Bifurcation region and wave cut-off region (marked 
with +) in A ,,, h zO plane for an artificial artery (How-Clarke 
material). The two regions are not distinguishable. The rectan- 
gle marks the most relevant region for the arterial application. 
It then follows from equation (29) that c: > 0 and c? > 0 
with equality (c? = 0) when F = 0. If F > 0, then c: > 0 
but c! < 0 whether G is positive or negative. Thus the 
(faster) wave with velocity c, propagates in all situations, 
but the (pressure or slow) wave with velocity c_ propa- 
gates when F < 0, disappears when F = 0, and is a stand- 
ing wave when F > 0. Therefore 
p,: + (T,, - p22 + Po~o~*R~)P*l = O (38) 
is the criterion for the existence of the wave with velocity 
c-. 
For a specific tube, this criterion contains the initial 
tensions (or stretch ratios) and frequency. So given a state 
of the initial deformation, there is a cut-off frequency 
(following Rubinow and Keller’s37 terminology) above 
which the pressure wave with speed c_ will not propa- 
gate. For example, for a noninitially deformed tube, the 
cut-off frequency is given by 
Making use of equation (14), we derive 
I E2 
02=__ 
c 
RZ, PO 
(39) 
(40) 
This is the cut-off frequency given by Rubinow and 
Keller37. In the arterial system, wR, is far smaller than the 
value o,Ro = ,/G = O(l), so both waves propagate. 
However, for any given frequency there is an alterna- 
tive way in which one wave can disappear. As already 
stated if, for any given frequency, the initial deformation is 
such that 
F=P,2, +(T~~-P~~)P,,+Po~O~*R~P~, 
=B+ poho~2R,&1>0 (41) 
then the wave with the velocity c_ (pressure wave) will 
not propagate. We call such a state a wave cut-off state 
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and a state with F = 0 is referred to as a critical wave 
cut-off state. Here 
B=P,:+(Go-&,)Pll 
However, we now note that B = 0 yields the critical 
bifurcation points (states) of static (finite) deformation of 
an incompressible hyperelastic cylindrical thin tube, and if 
B > 0, then a bifurcation solution can exist (Haughton and 
Ogden,39 p. 190) in which the tube may assume a form 
exhibiting wave-like static deformation along the axis. 
Since F > B, if B > 0 then F > 0. Therefore, in the 
states where bifurcation occurs the wave will not propa- 
gate. However, F could be positive when B is still 
negative. Hence, the wave may be cut off before bifurca- 
tion states are reached. If wR, = O(1) in certain engineer- 
ing situations, then the two critical states might be quite 
distinct and it is as important to find the wave cut-off 
states as the bifurcation states. But if wR, < 1, such as in 
the arterial system, then F = B and the two critical states 
are very close. Since the two criteria for the cut-off and 
bifurcation states, F = 0 and B = 0, contain two variables, 
T,, and TzO, or A,, and A,,, they form two curves in the 
A ra, A,, plane. These curves are the boundaries of three 
regions: (1) two waves propagating and no bifurcation, (2) 
one wave cut off but no bifurcation, (3) one wave cut off 
and bifurcation occurring. Irrespective of frequency then 
only one wave is propagated if the initial stretches belong 
to regions (2) or (3). 
The second and third regions are shaded for a natural 
artery, an artificial artery, and two kinds of rubbers with 
w = 2.4rr in Figures l-4. In the arterial cases (R = 0.345 
cm), the two regions are not distinguishable (Figures 1 and 
2) since R is small, but in the case of rubber tubes 
(R = 50 cm) the third region is smaller than the second 
region (Figures 3 and 4) although the difference is slight. 
Figure 1 shows the wave cut-off and bifurcation states of 
initial stretches for a natural artery, of which the density is 
taken as pa = 1,060 kg/m3 and the mechanical properties 
were tested by Vaishnav29 and used by the authors*’ 
previously, and Figure 2 is for an artificial artery, of 
Figure 3. Bifurcation region (shaded with q ) and wave cut-off 
region (shaded with q and +I in h,,h,, plane for a rubber 
tube (Mooney material). 
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Figure 4. Bifurcation region (shaded with q 1 and wave cut-off 
region (shaded with ffl and +) in h,,h,, plane for a rubber 
tube (neo-Hookean material). 
which the density is pa = 1,250 kg/m3 and the mechani- 
cal properties were tested by How and Clarke3’. In Figure 
3 we illustrate these states for a Mooney tube, of which 
the strain-energy function is 
W=C,[h;+h;+l/(h;A;)-31 
+ Cz( A;A’, + l/A; + l/A; - 3) (43) 
with C, = 2 X lo5 N/m* and C, = 4 X lo4 N/m* and 
p. taken as 1,000 kg/m3. These states for a neo-Hookean 
tube defined by the strain-energy function (43) with C, = 
0.0 are shown in Figure 4. 
It should be first noted that for the case of a natural 
artery (Figure l), there will be no bifurcation and wave 
cut-off within a wide range of A, when 1.0 < A, < 1.3. 
Bifurcation and wave cut-off do not occur at large A, but 
occur at small A, when A, z 1.4. For the artificial implant 
(Figure 21, bifurcation and wave cut-off occur at moderate 
values of the prestretches. To give some practical indica- 
tion of the implications of these results we calculate the 
mean pressure of the prestressed state. It appears that for 
an artery modelled by the Vaishnav material in its natural 
state at fixed longitudinal stretch, A, = 1.4 say, we can 
encounter a cut-off at a lower mean pressure than about 22 
mm Hg (circumferential stretch A, = 1.1). But there is no 
cut-off for a higher mean pressure even up to 300 mm Hg 
(A2 = 2.9). So both waves should exist in the latter case. 
However, for an artificial implant modelled by the How- 
Clarke material at A, = 1.4, we predict a cut-off at mean 
pressure of 123 mm Hg (A, = 1.3). We also note that for 
the artificial implant, the critical mean pressure for wave 
cut-off decreases with increase of the longitudinal stretch 
A 1’ 
In the natural arterial system, the initial deformation 
states cannot be controlled by human beings. But when an 
artificial graft is implanted, the critical states should be 
kept in the surgeon’s mind. For the numerical calculation 
of the cut-off state for the case of a real viscous fluid as 
previously shown by USES gives results very close to these 
more easily calculated analytic results for an inviscid fluid. 
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If only one wave were desirable, then an initial deforma- 
tion in a cut-off state may be a solution. 
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